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Abstract The main objective of this paper is to give a wide study on the conformable fractional

Legendre polynomials (CFLPs). This study is assumed to be a generalization and refinement, in

an easy way, of the scalar case into the context of the conformable fractional differentiation. We

introduce the CFLPs via different generating functions and provide some of their main properties

and convergence results. Subsequently, some pure recurrence and differential recurrence relations,

Laplace’s first integral formula, and orthogonal properties are then developed for CFLPs. We

append our study by presenting shifted CFLPs and describing an applicable scheme using the col-

location method to solve some fractional differential equations (FDEs) in the sense of conformable

derivative. Some useful examples of FDEs are treated to support our theoretical results and exam-

ine their exact and approximate solutions. To the best of our knowledge, the obtained results are

newly presented and could enrich the fractional theory of special functions.
� 2020 Faculty of Engineering, Alexandria University. Production and hosting by Elsevier B.V. This is an

open access article under the CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).
1. Introduction

Special functions have an increasing and recognized role in
mathematical physics, fractional calculus, theory of differential
equations, quantum mechanics, approximation theory and
many branches of science. They have a long history that can

be traced back to the past three centuries when the problems
of terrestrial and celestial mechanics, the boundary value
problems of electromagnetism, and the eigenvalue problems
of quantum mechanics had been solved.

The theory of fractional calculus is as old as classical calcu-
lus. It is classified as generalized fractional integrals or deriva-
tives. Nowadays, an increasing number of researchers are

paying attention to the fractional calculus as a result of the
importance of fractional order derivatives to describe many
physical phenomena in the real world [1]. For instance, frac-

tional derivatives give a better description of the model of
the nonlinear oscillation of earthquake [2], and also modeling
the fluid-dynamics by fractional derivatives can eliminate the
deficiency emerging from the occurrence of continuum flow

of traffic [3,4]. Therefore, fractional calculus becomes a more
convenient tool for the description of mathematical models
in different aspects of physical and dynamical systems [5–8].
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Fractional order derivatives, in the sense of Riemann-Liouville
or Caputo, were the main tools to achieve the forthmentioned
results. Further developments in the field of the fractional cal-

culus have been applied efficiently to various disciplines for
which we may mention [9–18].

In 2014, Khalil et al. [19] introduced a new well-behaved

simple fractional derivative named the conformable fractional
derivative (CFD) by means of the usual basic limit definition
of the derivative and that break with other definitions. Then,

it becomes clear, as noted from the literature, that this new def-
inition seems to be the most convenient one in the world of
fractional calculus since it can be considered to be an elegant
extension of the classical derivative. This new definition has

been developed by Abdeljawad [20] and recently, it has been
modified, in some sense, by El-Ajou [21]. For more develop-
ments on the conformable differentiation, we refer to [22–30].

The usability of the conformable derivative notion has wide
areas of interest in both theoretical and practical aspects [31,32].
The authors of [33–36] provided some applications through par-

tial differential equations (PDEs) in the conformable sense. Pre-
cisely, Maxwell’s equations have been considered in the
conformable fractional setting to describe electromagnetic

fields of media in [35]. The conformable differential equation
(CDE) has been used for the description of the subdiffusion pro-
cess in [36]. Also, some applications in quantummechanics have
been treated in the context of CFD (see for example [33]).

The ordinary differential equations (ODEs) referred to as
Legendre’s differential equation is common in engineering
and physics. Particularly, it occurs when solving Laplace’s

equation in spherical coordinates. The importance of Legendre
polynomials is realized in 1784 when A. Legendre was studying
the attraction of spheroids and ellipsoids. These polynomials

appear in many different areas of mathematics and physics.
They may originate as solutions of the Legendre ODE, such
as the famous Helmholtz’s equation and analog ODEs in

spherical polar coordinates. They arise as a consequence of
demanding a complete, orthogonal sequence of functions over
�1; 1½ � (Gram-Schmidt orthogonalization). In quantum
mechanics, they represent angular momentum eigenfunctions.

Special functions of fractional calculus appeared and
received much attention due to its great applications in differ-
ent disciplines of engineering and science. As the CFD is essen-

tially a generalized version of the first usual integer derivative,
the present paper illustrates that many known results concern-
ing Legendre type polynomials can be translated and stated in

the framework of the CFD.
In 2010, Saadatmandi and Dehghan [37] derived opera-

tional matrices of fractional derivatives for the shifted Legen-
dre polynomials and used them to solve FDEs with initial

boundary conditions via spectral methods. A year later, Rida
and Yousef [38] replaced the integer-order derivative in Rodri-
gues’ formula of the Legendre polynomials with fractional

order derivative. However, the complexity of the resulted func-
tions made them inconvenient for solving some FDEs.

In 2013, Kazem et al. [39] presented orthogonal Legendre

functions with fractional order based on the shifted Legendre
polynomials in order to get a numerical solution for some
FDEs. The technique they have used was precise and effective.

In 2014, Abu Hammad and Khalil [40] studied the Legen-
dre conformable fractional differential equation. Analog to
the classical context, in certain cases, it is found that some
solutions turned to be fractional polynomials. Furthermore,
Please cite this article in press as: M. Abul-Ez et al., On conformable fractional Legen
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they studied fundamental properties of such conformal frac-
tional polynomials. In early 2020, Zayed et al. [41] conducted
a generalized study on the shifted Legendre type polynomials

of arbitrary fractional orders in the Caputo sense utilizing
some Rodrigues formulas in the framework of matrices. Fur-
thermore, they gave orthogonality properties of these polyno-

mials in some particular cases and suggested an application to
solve some kinds of FDEs.

Parallel to this study, based on the shifted Chebyshev tau

and collocation methods, many researchers investigated
approximate numerical solutions of a class of fractional differ-
ential equations (see for example [42–44,46]). In [42,43] the
authors used a Chebyshev spectral method based on opera-

tional matrix to solve initial and boundary value problems of
fractional order and also treated multi-term fractional orders
differential equations. The fractional order of the Chebyshev

functions based on the classical Chebyshev polynomials of
the first kind had been introduced in [44] to solve the non-
linear Riccati differential equations of arbitrary (integer and

fractional) order. It is also observed that properties of Cheby-
shev polynomials are used in [46] to give a numerical solution
of the conformable space-time fractional wave equation.

Motivated by the above-mentioned studies, we aim to com-
plete the work given by Abu Hammad and Khalil [40]. Fur-
thermore, we intend to extend the presented new orthogonal
functions based on CFLPs to produce useful applications for

solving conformable FDEs. The results of the study improve
the ones given by Rajković and Kiryakova [45] in the sense
of conformable derivative and develop the work given by var-

ious authors in [39,40,46,47]. Moreover, we obtain exact ana-
lytical solutions of some FDEs in a conformable sense.

The remnant of the paper is formulated as follows. In Sec-

tion 2, we present some paramount basic concepts of the con-
formable fractional calculus. Through Section 3, we define
conformable fractional Legendre polynomials through gener-

ating functions in different ways. Various forms of CFLPs in
terms of hypergeometric formula and Laplace’s integral form
are established in Section 4. The pure recurrence relations
and differential recurrence relations are the subject of Sec-

tion 5. The conformable fractional integral formula of CFLPs
is derived in Section 6. In Section 7, we introduce a detailed
study on orthogonality property with applications. Section 8

is devoted to the study of shifted CFLPs, and the collocation
method is proposed to solve some FDEs. Moreover, we pre-
sent some illustrative examples to justify our suggested approx-

imation involving the collocation method. Finally, we append
by general remarks and conclusions in Section 9.
2. Preliminaries

Nowadays fractional calculus can be described via two trends.
The Riemann-Liouville approach represents the first trend for
which the integral operator repeatedly proceeded n times and

replaced it by one integral via the famous Cauchy formula
where then n! is changed to the Gamma function and hence
the fractional integral of noninteger order is defined. Evi-

dently, the Riemann and Caputo fractional derivatives were
defined by means of integrals (see [6]). The second trend of
fractional derivative was introduced by Grünwald-Letnikov.

Their technique was based on repeating the derivative n times
and then fractionalizing by means of Gamma function in the
dre polynomials and their convergence properties with applications, Alexandria
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binomial coefficients. The characterized derivative in this cal-
culus seemed to be complicated and is not necessarily enjoy
the same fundamental properties as of the usual case.

As we have mentioned earlier in the introduction, the
authors in [19] introduced the definition of CFD. The defini-
tion was stated in the following way. For a function

f : ð0;1Þ ! R, the CFD of order a where 0 < a 6 1 of fðxÞ
at x > 0was defined by 1

Daf xð Þ ¼ lim
e!0

f xþ ex1�að Þ � f xð Þ
e

ð2:1Þ

and when x ¼ 0 we have Dafð0Þ ¼ limx!0þD
afðxÞ.

Remark 2.1.

(1) It is found in [19] that the CFD behaves well in the pro-

duct rule and the chain rule unlike the case of the old
fractional calculus where complicated formulas appear.

(2) As an unexpected fact, the CFD of a constant function

is zero whereas the case for Riemann-Liouville frac-
tional derivative is not.

(3) For a ¼ 1 in (2.1), one gets easily the analog usual clas-
sical derivatives. Further, note that a function can be a-
differentiable at a point even though it is not differen-

tiable, for instance, take f ðxÞ ¼ 2
ffiffiffi
x

p
, then D

1
2f xð Þ ¼ 1.

Thus D
1
2f 0ð Þ ¼ 1. However, D1f 0ð Þ does not exist. This

differs obviously from what is known for the classical
derivatives.

(4) In order to solve the simple fractional differential equa-

tion D
1
2y þ y ¼ 0, by applying the Caputo or Riemann-

Liouville definitions, then it is required to use either
the Laplace transform or fractional power series tech-

nique. However, using conformable definition and the

fact Daðe1
ax

aÞ ¼ e
1
ax

a
, one can easily see that y ¼ ce�2

ffiffi
x

p
is

the general solution.

In the sequel, we need to mention the Gauss hypergeomet-
ric function 2F1 a; b; c; xð Þ, by the following formula

2F1 a; b; c; xð Þ ¼
X1
n¼0

að Þn bð Þn
cð Þn

xn

n!
; xj j < 1ð Þ

where að Þn denotes the Pochhammer symbol defined, in terms

of Gamma functions, by

að Þn ¼ C aþnð Þ
C að Þ

¼ a aþ 1ð Þ aþ 2ð Þ . . . aþ n� 1ð Þ; n 2 N and að Þ0 ¼ 1

Now, in view of (2.1), Abu Hammed and Khalil [40] solved the
conformable fractional Legendre differential equation:

1� x2a
� �

DaDay� 2axaDayþ a2k kþ 1ð Þy ¼ 0 ð2:2Þ
and introduced the conformable fractional Legendre Polyno-
mials CFLPs, Pak xð Þ as its solution. In fact we proceed on to
give an explicit formula of Pak xð Þ as follows. The solution of

(2.2) asserts the following coefficients (see [40, Eq. (10)])

a2n ¼
�1ð Þn kþ 2nð Þ! k

2

� �
!

� �2
k! 2nð Þ! k

2
þ n

� �
! k

2
� n

� �
!
a0
1 Unless it is otherwise stated throughout the whole paper, the

fractional number atakes its value such that 0 < a 6 1.

Please cite this article in press as: M. Abul-Ez et al., On conformable fractional Legen
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The constant a0 is usually chosen so that the polynomial solu-

tion at x ¼ 1 equals 1. So, the value to be given to a0 is

a0 ¼ �1ð Þk2 k!

2k k
2ð Þ!½ �2. Since (2.2) has x ¼ 0 as an ordinary point,

its solution will take the form

y ¼
X1
n¼0

a2nx
2an ¼

X1
n¼0

�1ð Þnþk
2 kþ 2nð Þ!

2k 2nð Þ! k
2
þ n

� �
! k

2
� n

� �
!
x2an ð2:3Þ

Taking into account that the factorial function is always non-

negative, we should have k
2
� n

� �
P 0 and hence n 6 k

2

� �
where k

2

� �
is the usual floor function. Therefore (2.3)

becomes

y ¼
Xk

2b c

n¼0

�1ð Þnþk
2 kþ 2nð Þ!

2k 2nð Þ! k
2
þ n

� �
! k

2
� n

� �
!
x2an;

where

k

2

	 

¼

k
2

if k even
k�1
2

if k odd:

(

Put m ¼ k
2
� n, it is easy to see

y ¼: Pak xð Þ ¼
Xk

2b c

n¼0

�1ð Þm 2k� 2mð Þ!
2km! k�mð Þ! k� 2mð Þ! x

2an; a 2 ð0; 1�

ð2:4Þ
which is the akth CFLPs. Clearly, the first four terms of Pak xð Þ

are:

P0ðxÞ ¼ 1;
PaðxÞ ¼ xa;
P2aðxÞ ¼ 1

2
3x2a � 1ð Þ;

P3aðxÞ ¼ 1
2
5x3a � 3xað Þ

.

A common tool to be used in much of the work presented
here is the rearrangement of terms in iterated series. The fol-

lowing two fundamental lemmas are of the kind needed to sim-
plify many proofs in later work. For the infinite double series
we have the following Lemmas (see [48]).

Lemma 2.1.

X1
n¼0

X1
k¼0

ak;n ¼
X1
m¼0

Xm
j¼0

aj;m�j ¼
X1
n¼0

Xn
k¼0

ak;n�k ð2:5Þ

X1
n¼0

Xn
k¼0

bk;n ¼
X1
n¼0

X1
k¼0

bk;nþk ð2:6Þ

Lemma 2.2.

X1
n¼0

X1
k¼0

ak;n ¼
X1
n¼0

Xbn2c
k¼0

ak;n�2k ð2:7Þ

X1
n¼0

Xbn2c
k¼0

bk;n ¼
X1
n¼0

X1
k¼0

bk;nþ2k ð2:8Þ

A combination of Lemmas 2.1 and 2.2 gives.

Lemma 2.3.

X1
n¼0

Xn
k¼0

ck;n ¼
X1
n¼0

Xbn2c
k¼0

ck;n�k ð2:9Þ
dre polynomials and their convergence properties with applications, Alexandria
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Remark 2.2. The orthogonal property of Legendre polynomi-

als is so important in many physical applications on the inter-
val ½�1; 1�. So that the authors in [40] studied the orthogonality
of the conformable fractional Legendre polynomials CFLPs

on such interval. For this purpose the authors extended the
definition of CFD (2.1) to include the negative values of x,

by assuming a to be of the form 1
k
, with k an odd natural num-

ber, k ¼ 2jþ 1 for j any natural number. In such a case x1�a

will be defined for all x 2 R, and then xan is defined for all
x 2 R and all n. Therefore, the authors in [40] gave the

extended definition of the CFD as follows.

Definition 2.1. For 0 < a < 1
2jþ1

6 1 and j 2 N, the a-derivative

of f : ð0;1Þ ! R is

Daf xð Þ ¼ lim
e!0

f xþ ex1�að Þ � f xð Þ
e

; x – 0:

If x ¼ 0, then Daf 0ð Þ ¼ limx!0þD
af xð Þ provided the limits exist.

Consequently this definition shows that for the case of frac-

tional polynomials one should have Daxan ¼ anxa n�1ð Þ, for all
x 2 R.

Moreover, for the a-fractional integral of a function f, the
authors in [19] suggested the following definition.

Definition 2.2. Suppose that f : ð0;1Þ ! R is a-differentiable,
a 2 ð0; 1�, then the a-fractional integral of f is defined by

Iaaf tð Þ ¼ Ia1 ta�1f
� � ¼ Z t

a

f xð Þ
x1�a

dx; t P 0:

In that context, they also showed that Da IaaðfÞ
� �ðtÞ ¼ fðtÞ.

According to the discussion in Remark 2.2, let

I�1
a fð Þ 1ð Þ ¼ R 1

�1

f xð Þ
x1�a dx, from which the orthogonality property

of PanðxÞ for n – m was given as [40]

Z 1

�1

Pan xð ÞPam xð Þx1�adx ¼ 0; m– n: ð2:10Þ

In the sequel we are going to develop this orthogonality
property for the case n ¼ m in order to be usable in giving
some applications. Motivated by the above discussions and

along with the work given in literature concerning CFLPs, fur-
ther investigations involving CFLPs will be explored through-
out the present work. We start with defining CFLPs via
different generating functions as follows.

3. Conformable fractional Legendre polynomials within

generating functions

Along with the scalar case [49], one can give a generating func-
tion to define the CFLPs, Pan xð Þ through the following result
as follows.

Theorem 3.1. For a 2 ð0; 1�, the generating relation of CFLPs,
Pan xð Þ can be given by the following formula

gðx; tÞ ¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� 2xata þ t2a

p

¼
X1
n¼0

Pan xð Þtan taj j < 1 and xaj j 6 1ð Þ ð3:1Þ
Please cite this article in press as: M. Abul-Ez et al., On conformable fractional Legen
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Proof. The function 1� 2xata þ t2að Þ�1
2 can be formed by

means of the Gauss hypergeometric function as

1� 2xata þ t2a
� ��1

2 ¼1F0

1

2
;�; 2xata � t2a

� �
:

Therefore,

1� 2xata þ t2að Þ�1
2 ¼1F0

1
2
;�; 2xata � t2a

� �
¼
X1
n¼0

1
2ð Þn 2xata�t2að Þn

n!

¼
X1
n¼0

Xn
k¼0

1
2ð Þn
n!

n! �1ð Þk2n�k

n�kð Þ!k! xa n�kð Þta nþkð Þ

With the help of Lemma 2.3, we infer that

1� 2xata þ t2a
� ��1

2 ¼
X1
n¼0

Xn
2b c

k¼0

�1ð Þk 1
2

� �
n�k

2n�2k

n� 2kð Þ!k! xa n�2kð Þtan

Using the following identity (see [48] page 161)

1

2

� �
n�k

¼ 2n� 2kð Þ!
ðn� kÞ!22n�2k

;

we have

1� 2xata þ t2a
� ��1

2 ¼
X1
n¼0

Xn
2b c

k¼0

�1ð Þk 2n� 2kð Þ!
2nðn� kÞ! n� 2kð Þ!k! x

a n�2kð Þtan

¼
X1
n¼0

Pna xð Þtna

and the result follows. h
3.1. Further generating functions

The previously mentioned expression gðx; tÞ ¼ 1� 2xataþð
t2aÞ�1

2 , used to define CFLPs, can be rewritten in different ways

as an expansion in powers of t to yield additional results.
Consider

1� 2xata þ t2að Þ�1
2 ¼ 1� xatað Þ�1

1� t2a x2a�1ð Þ
1�xatað Þ2

� ��1
2

¼ 1� xatað Þ�1
1F0

1
2
;�;

t2a x2a�1ð Þ
1�xatað Þ2

� �

¼ 1� xatað Þ�1
X1
k¼0

1
2ð Þk
k!

t2ka x2a�1ð Þk
1�xatað Þ2k

¼
X1
k¼0

1
2ð Þk t2ka x2a�1ð Þk

k! 1
F0 2kþ 1;�; xatað Þ

¼
X1
n¼0

X1
k¼0

1
2ð Þk nþ2kð Þ! x2a�1ð Þkxna

2kð Þ!k!n! ta nþ2kð Þ

Using Lemma 2.2, we can see that

1� 2xata þ t2a
� ��1

2 ¼
X1
n¼0

Xn
2b c

k¼0

1
2

� �
k
n! x2a � 1ð Þkxa n�2kð Þ

2kð Þ!k! n� 2kð Þ! tan ð3:2Þ

Thus it can be verified from the formula (3.1) that
dre polynomials and their convergence properties with applications, Alexandria
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Pan xð Þ ¼
Xn

2b c

k¼0

1
2

� �
k
n!

2kð Þ!k! n� 2kð Þ! x
a n�2kð Þ x2a � 1

� �k ð3:3Þ

Remark 3.1 (Additional useful formula of Pan xð Þ). Again,
reformulation of the generating function gðx; tÞ given in (3.1)

yields

1� 2xata þ t2að Þ�1
2 ¼ 1þ tað Þ�1

1� 2ta xaþ1ð Þ
1þtað Þ2

 ��1
2

¼ 1þ tað Þ�1
1 F0

1
2
;�; 2t

a xaþ1ð Þ
1þtað Þ2

 �

¼
X1
k¼0

1
2ð Þk
k!

2ktak xaþ1ð Þk
1þtað Þ2kþ1

¼
X1
k¼0

1
2ð Þk2ktak xaþ1ð Þk

k! 1
F0 2kþ 1;�;�tað Þ

¼
X1
n¼0

X1
k¼0

1
2ð Þk �1ð Þn 2k 2kþ1ð Þn xaþ1ð Þk

k!n!
ta nþkð Þ

¼
X1
n¼0

X1
k¼0

�1ð Þn nþ2kð Þ! xaþ1ð Þk
2k k!ð Þ2n! ta nþkð Þ

The use of Lemma 2.1 implies that

1� 2xata þ t2a
� ��1

2 ¼
X1
n¼0

Xn
k¼0

�1ð Þnþk
nþ kð Þ! xa þ 1ð Þk

2k k!ð Þ2 n� kð Þ! tan

Thus, according to the generating function (3.1), it follows that

Pna xð Þ ¼
Xn
k¼0

�1ð Þnþk
nþ kð Þ

k!ð Þ2 n� kð Þ!
xa þ 1

2

� �k

ð3:4Þ

We append this section by the following interesting result.

Theorem 3.2. For a 2 ð0; 1�, the CFLPs can be written through
the hypergeometric function in the form

1� xatað Þ�c
2 F1

1

2
c;
1

2
cþ 1

2
; 1;

x2a � 1ð Þt2a
1� xatað Þ2

 !

¼
X1
n¼0

cð ÞnPan xð Þ
n!

tan; ð3:5Þ

where c is an arbitrary real number.

Proof. Employing (3.3) one may get a new generating function
for CFLPs, Pan xð Þ. Then, for arbitrary real number c, we have

X1
n¼0

cð ÞnPan xð Þ
n!

tan ¼
X1
n¼0

Xn
2b c

k¼0

cð Þn 1
2

� �
k
xa n�2kð Þ x2a � 1ð Þk

2kð Þ!k! n� 2kð Þ! tan ð3:6Þ

Owing to the relation (2.8) and Lemma 2.2, we rewrite (3.6) in
the form

X1
n¼0

cð ÞnPan xð Þ
n!

tan ¼
X1
n¼0

X1
k¼0

cð Þnþ2k
1
2

� �
k
xan x2a � 1ð Þk

2kð Þ!k!n! ta nþ2kð Þ

ð3:7Þ
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But Pochhammer symbol properties give

cð Þnþ2k ¼ cþ 2kð Þn cð Þ2k ¼ cþ 2kð Þn
1

2
c

� �
k

1

2
cþ 1

2

� �
k

22k

¼ cþ 2kð Þn
1

2
c

� �
k

1

2
cþ 1

2

� �
k

2kð Þ!
k! 1

2

� �
k

:

Therefore, in view of (3.7), we get

X1
n¼0

cð ÞnPan xð Þ
n!

tan ¼
X1
k¼0

X1
n¼0

cþ2kð Þn xatað Þn
n!

1
2cð Þ

k
1
2cþ1

2ð Þ
k

x2a�1ð Þk
k!ð Þ2 ta 2kð Þ

¼
X1
k¼0

1F0 cþ 2k;�; xatað Þ
1
2cð Þ

k
1
2cþ1

2ð Þ
k

x2a�1ð Þk
k!ð Þ2 t2ak

¼ 1� xatað Þ�c
X1
k¼0

1
2cð Þ

k
1
2cþ1

2ð Þ
k

x2a�1ð Þkt2ak
k!ð Þ2 1�xatað Þ2k

¼ 1� xatað Þ�c
2 F1

1
2
c; 1

2
cþ 1

2
; 1;

x2a�1ð Þt2a
1�xatað Þ2

� �
�

Remark 3.2. In the previous Theorem 3.2, as c be any real
number, thus for c ¼ 1, (3.5) generates into (3.1). If c ¼ 0 or

c is a negative integer, both sides of (3.5) terminate, and only
a finite number of terms of CFLPs is then generated by (3.5).
4. Hypergeometric and integral forms of CFLPs

In this section we introduce the CFLPs, Pan xð Þ in terms of the

Gauss hypergeometric form. Three different formula’s are
obtained via the next given results. Moreover, we establish
Laplace’s first integral form of CFLPs.

Theorem 4.1. For a 2 ð0; 1�, the CFLPs, Pan xð Þ can be defined
by means of Gauss hypergeometric function as

Pan xð Þ¼2F1 �n; nþ 1; 1;
1� xa

2

� �
ð4:1Þ

Proof. First we have

1� 2xata þ t2að Þ�1
2 ¼ 1� tað Þ�1

1þ 2ta xa�1ð Þ
1�tað Þ2

 ��1
2

¼ 1� tað Þ�1
1 F0

1
2
;�; 2t

a xa�1ð Þ
1�tað Þ2

 �
¼
X1
k¼0

1
2ð Þk
k!

2ktak xa�1ð Þk
1�tað Þ2kþ1

¼
X1
k¼0

1
2ð Þk2ktak xa�1ð Þk

k! 1
F0 2kþ 1;�; tað Þ

¼
X1
n¼0

X1
k¼0

nþ2kð Þ! xa�1ð Þk
2k k!ð Þ2n! ta nþkð Þ

Relying to Lemma 2.1, one obtains

1� 2xata þ t2a
� ��1

2 ¼
X1
n¼0

Xn
k¼0

nþ kð Þ! xa � 1ð Þk
2k k!ð Þ2 n� kð Þ! tan ð4:2Þ

Note that the right hand side equal zero if k > n, and then (4.2)
becomes

1� 2xata þ t2a
� ��1

2 ¼
X1
n¼0

X1
k¼0

nþ kð Þ! xa � 1ð Þk
2k k!ð Þ2 n� kð Þ! tan
dre polynomials and their convergence properties with applications, Alexandria
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Owing to (3.1) we have

Pan xð Þ ¼
X1
k¼0

nþ kð Þ!
k!ð Þ2 n� kð Þ!

xa � 1

2

� �k

ð4:3Þ

Since
�nð Þk nþ1ð Þk

1ð Þk ¼ �1ð Þk nþkð Þ!
n�kð Þ!k! , then (4.3) gives

Pan xð Þ ¼
X1
k¼0

�nð Þk nþ 1ð Þk
1ð Þkk!

1� xa

2

� �k

¼ 2F1 �n; nþ 1; 1;
1� xa

2

� �

as required. h

Theorem 4.2. For a 2 ð0; 1�, the CFLPs, Pan xð Þ can be formu-

lated by means of Gauss hypergeometric function as

Pan xð Þ ¼
1
2

� �
n
2xað Þn
n! 2

F1

�1

2
n;
�1

2
nþ 1

2
;
1

2
� n;

1

x2a

� �
: ð4:4Þ

Proof. In view of (2.4), we have

Pan xð Þ ¼
Xn

2b c

k¼0

�1ð Þk 2n� 2kð Þ!
2nk! n� kð Þ! n� 2kð Þ! x

a n�2kð Þ ð4:5Þ

Since

1
2

� �
n
�nð Þ2k

1
2
� n

� �
k

¼ �1ð Þk22kn! 2n� 2ð Þ!
22n n� kð Þ! n� 2kð Þ! ;

then it follows that

Pan xð Þ ¼
Xn

2b c

k¼0

1
2

� �
n
�nð Þ2k

n!k! 1
2
� n

� �
k

2xað Þ n�2kð Þ

¼
1
2

� �
n
2nxan

n!

Xn
2b c

k¼0

�nð Þ2k
k! 1

2
� n

� �
k

2xað Þ�2k ð4:6Þ

Note that �nð Þ2k ¼ 0 if k > n
2

� �
, and then (4.6) becomes

Pan xð Þ ¼
1
2

� �
n
2nxan

n!

X1
k¼0

�nð Þ2k
k! 1

2
� n

� �
k

2xað Þ�2k ð4:7Þ

Since �nð Þ2k ¼ 22k �1
2
n

� �
k

�1
2
nþ 1

2

� �
k
holds for Pochhammer

symbol, then we can deduce

Pan xð Þ ¼
1
2ð Þn2nxan

n!

X1
k¼0

�1
2 nð Þ

k
�1
2 nþ1

2ð Þ
k

k! 1
2�nð Þ

k

x�2að Þk

¼
1
2ð Þn 2xað Þn

n! 2
F1

�1
2
n; �1

2
nþ 1

2
; 1
2
� n; 1

x2a

� �
;

which finishes the proof. h

Theorem 4.3. For a 2 ð0; 1�, we can write the CFLPs, Pan xð Þ by
means of hypergeometric functions as:

Pan xð Þ ¼ xan
2 F1

�1

2
n;
�1

2
nþ 1

2
; 1;

x2a � 1

x2a

� �
ð4:8Þ

Proof. Relation (3.3) gives
Please cite this article in press as: M. Abul-Ez et al., On conformable fractional Legen
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Pan xð Þ ¼
Xn

2b c

k¼0

n!

22k k!ð Þ2 n� 2kð Þ! x
a n�2kð Þ: x2a � 1

� �k

¼
Xn

2b c

k¼0

�nð Þ2kxan

22k k!ð Þ2 :
x2a � 1

x2a

� �k

ð4:9Þ

But �nð Þ2k ¼ 0 if k > n
2

� �
, then using (4.9) it follows that

Pan xð Þ ¼
X1
k¼0

�nð Þ2kxan

22k k!ð Þ2 :
x2a � 1

x2a

� �k

ð4:10Þ

Since �nð Þ2k ¼ 22k �1
2
n

� �
k

�1
2
nþ 1

2

� �
k
, then

Pan xð Þ ¼ xan
X1
k¼0

�1
2
n

� �
k

�1
2
nþ 1

2

� �
k

k!ð Þ2 :
x2a � 1

x2a

� �k

¼ xan
2 F1

�1

2
n;
�1

2
nþ 1

2
; 1;

x2a � 1

x2a

� �
:

The relation (4.8) is therefore attained as required. h

Theorem 4.4 (Laplace’s first integral form of CFLPs). For
a 2 ð0; 1�, the CFLPs, Pan xð Þ can be represented via the integral
form as

Pan xð Þ ¼ 1

p

Z p

0

xa þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2a � 1

p
cosu

 �n
du: ð4:11Þ

Proof. The integral can be recognized as the usual Beta func-
tion bðx; yÞ, which has the following property

1
2

� �
k

k!
¼ 1

p
b

1

2
; kþ 1

2

� �
¼ 1

p
:

Z p

0

cos2k udu

Therefore, in view of (3.3), one easily gets

Pan xð Þ ¼ 1

p

Xn
2b c

k¼0

n!

2kð Þ! n� 2kð Þ! x
a n�2kð Þ x2a � 1

� �k
:

Z p

0

� cos2k udu ð4:12Þ
Note that for m is odd we see

R p
0
cosm udu ¼ 0, and then we

obtain

Pan xð Þ ¼ 1

p

Z p

0

Xn
k¼0

n!

kð Þ! n� kð Þ! x
a n�kð Þ x2a � 1

� �k
2: cosk udu

¼ 1

p

Z p

0

xa þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2a � 1

p
cosu

 �n
du

as desired. h
5. The pure recurrence relation and differential recurrence

relations

In this section, we first give the pure recurrence relation which
enable us to obtain some of differential recurrence relations.
We start with the following result.

Theorem 5.1. The conformable fractional Legendre function

Pan xð Þ satisfies the following pure recurrence relation
dre polynomials and their convergence properties with applications, Alexandria
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Pa nþ1ð Þ xð Þ ¼ 2nþ 1ð Þ
nþ 1ð Þ xaPan xð Þ � n

nþ 1
Pa n�1ð Þ xð Þ ð5:1Þ

Proof. Acting by fractional differential operator Da on (3.1)

with respect to t, we get

�1

2
1�2xataþ t2a
� ��3

2 �2axata�1þ2at2a�1
� �

:t1�a ¼
X
n¼0

1naPan xð Þta n�1ð Þ

Note that

a xa � tað Þ 1� 2xata þ t2a
� ��3

2 ¼ a
X1
n¼0

nPan xð Þta n�1ð Þ:

Thus

xa � tað Þ 1� 2xata þ t2a
� ��1

2 ¼ 1� 2xata þ t2a
� �X1

n¼0

nPan xð Þta n�1ð Þ

ð5:2Þ
Inserting (5.2) in (3.1) we obtain

xa � tað Þ
X1
n¼0

Pan xð Þ tan ¼ 1� 2xata þ t2a
� �X1

n¼0

nPan xð Þta n�1ð Þ

Then we arrive to

X1
n¼0

xaPan xð Þ tan �
X1
n¼0

Pan xð Þ ta nþ1ð Þ

¼
X1
n¼0

nPan xð Þta n�1ð Þ �
X1
n¼0

2nxaPan xð Þtan

þ
X1
n¼0

nPan xð Þta nþ1ð Þ ð5:3Þ

Comparing the corresponding coefficients of tan in both sides
of (5.3) yields

xaPan xð Þ � Pa n�1ð Þ xð Þ ¼ nþ 1ð ÞPa nþ1ð Þ xð Þ � 2nxaPna xð Þ
þ n� 1ð ÞPa n�1ð Þ xð Þ:

Therefore

nþ 1ð ÞPa nþ1ð Þ xð Þ ¼ 2nþ 1ð ÞxaPan xð Þ � nPa n�1ð Þ xð Þ;
which is the required relation. h

Next, concerning differential recurrence relations we
deduce the following.

Theorem 5.2. The conformable fractional Legendre function

Pan xð Þ satisfies the following differential recurrence relations:

DaPa nþ1ð Þ xð Þ � nþ 1ð ÞaPan xð Þ � xaDaPan xð Þ ¼ 0 ð5:4Þ
xaDaPan xð Þ � naPan xð Þ �DaPa n�1ð Þ xð Þ ¼ 0 ð5:5Þ
DaPa nþ1ð Þ xð Þ �DaPa n�1ð Þ xð Þ ¼ 2nþ 1ð ÞaPan xð Þ ð5:6Þ

Proof. According to the fractional differential operator and in
view of (3.1), it follows that

Da 1� 2xata þ t2að Þ�1
2 ¼ Da

X1
n¼0

Pan xð Þtan

ata 1� 2xata þ t2að Þ�1
2 ¼ 1� 2xata þ t2að Þ

X1
n¼0

DaPan xð Þtan:
Please cite this article in press as: M. Abul-Ez et al., On conformable fractional Legen
Eng. J. (2020), https://doi.org/10.1016/j.aej.2020.09.052
Also, using (3.1), it is easily verify

a
X1
n¼0

Pan xð Þta nþ1ð Þ ¼
X1
n¼0

DaPan xð Þtan

�
X1
n¼0

2xaDaPan xð Þta nþ1ð Þ

þ
X1
n¼0

DaPan xð Þta nþ2ð Þ: ð5:7Þ

Equating the coefficients of ta nþ1ð Þ in both sides of (5.7), we get

aPan xð Þ ¼ DaPa nþ1ð Þ xð Þ � 2xaDaPan xð Þ þDaPa n�1ð Þ xð Þ: ð5:8Þ
Again differentiate (5.1) with respect to x in the sense of con-
formable fractional we deduce

DaPa nþ1ð Þ xð Þ ¼ 2nþ 1ð Þ
nþ 1

aPan xð Þ þ 2nþ 1ð Þ
nþ 1

xaDaPan xð Þ

� n

nþ 1
DaPa n�1ð Þ xð Þ: ð5:9Þ

Hence using (5.8) and (5.9) we obtain (5.4) and (5.5) respec-

tively and the combination of (5.4) and (5.5) gives (5.6). h
6. Conformable fractional integral of CFLPs

Along with Definition 2.2, it is easy to get the following.

Corollary 6.1 [19]. Suppose that f : 0;1½ Þ ! R, then for
c 2 ð0; 1�, the conformable fractional integral Icf xð Þ of order c
of f is given by

Icf xð Þ ¼
Z x

0

tc�1f tð Þdt ð6:1Þ

Lemma 6.1 [19]. Suppose that f : 0;1½ Þ ! R is c-differentiable
for c 2 ð0; 1�, then for all x > 0 one can write:

IcD
c f xð Þð Þ ¼ f xð Þ � f 0ð Þ ð6:2Þ
With the aid of Lemma 6.1 and Corollary 6.1, the following

result can be deduced.

Theorem 6.1. For c 2 ð0; 1�, then the conformable fractional

integral Ic of a-CFLPs can be written as

IcPan xð Þ ¼
Xn

2b c

k¼0

�1ð Þk 2n� 2kð Þ!
2nk! n� kð Þ! n� 2kð Þ! n� 2kð Þaþ cð Þ x

a n�2kð Þþc

ð6:3Þ

Proof. In view of (6.1) and (5.4), we obtain

IcPan xð Þ ¼
Z x

0

tc�1
Xn

2b c

k¼0

�1ð Þk 2n� 2kð Þ!
2nk! n� kð Þ! n� 2kð Þ! t

a n�2kð Þdt

¼
Xn

2b c

k¼0

�1ð Þk 2n� 2kð Þ!
2nk! n� kð Þ! n� 2kð Þ!

Z x

0

ta n�2kð Þþc�1dt

¼
Xn

2b c

k¼0

�1ð Þk 2n� 2kð Þ!
2nk! n� kð Þ! n� 2kð Þ! n� 2kð Þaþ cð Þ x

a n�2kð Þþc
dre polynomials and their convergence properties with applications, Alexandria
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and the result follows. h

Remark 6.1. If c ¼ a in (6.3) we have

IaPan xð Þ ¼
Xn

2b c

k¼0

�1ð Þk 2n� 2kð Þ!
2nk! n� kð Þ! n� 2kð Þ! n� 2kþ 1ð Þax

a n�2kþ1ð Þ
7. Orthogonality relation and its applications

It is worth mentioning that Definition 2.1 opens the door to
refine the orthogonality relation for the case m ¼ n. We intro-

duce the following interesting result which will be useful in the
applications.

Theorem 7.1. The conformable fractional Legendre polynomial
satisfies
2 For the definition of the simple set of polynomials we refer to [48].
Z 1

�1

Pan xð Þ½ �2dax ¼ 2

a 2nþ 1ð Þ ; ð7:1Þ

where dax ¼ xa�1dx.

Proof. Mindful of the relation (3.1) we get

1

1� 2xata þ t2a
¼
X1
n¼0

Pan xð Þ½ �2t2an

By applying the conformable fractional integral over ½�1; 1�, it
follows that

X1
n¼0

Z 1

�1

Pan xð Þ½ �2t2andax ¼
Z 1

�1

dax

1� 2xata þ t2a
ð7:2Þ

The right hand side of (7.2) can be written as

Z 1

�1

dax

1� 2xata þ t2a
¼
Z 1

�1

xa�1dx

1� 2xata þ t2a

¼ �1

2ata
ln 1� 2xata þ t2a
� �� �1

�1
ð7:3Þ

Keeping in mind that the fraction abe in the form 1
k
for k an

odd natural number. Therefore due to Definition 2.1 we have

Z 1

�1

dax

1� 2xata þ t2a

¼ �1

2ata
ln 1� 2ta þ t2a
� �� ln 1þ 2ta þ t2a

� �� �
¼ 1

ata
ln

1þ ta

1� ta

� �

Hence in view of (7.3), we obtain

Z 1

�1

dax

1� 2xata þ t2a
¼ 1

ata
2 ta þ t3a

3
þ t5a

5
þ . . .

� �� �

¼ 2

a
1þ t2a

3
þ t3a

5
þ . . .

� �
¼ 2

a

X1
n¼0

1

2nþ 1
t2an

Thus, using (7.2) the result is therefore established. h
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7.1. Overview of approximation theory

Along with the scalar case, one can see that a set of con-
formable fractional polynomials constitutes a simple set of
fractional polynomials 2. This leads to the following result

which is the analog of that one given in [48].

Proposition 7.1. Let uan xð Þf g be a simple set of fractional
polynomials. If P xð Þ is a polynomial of degree am, there exist
constants ak such that

P xð Þ ¼
Xm
k¼0

akuak xð Þ; ð7:4Þ

where ak are functions of k and of any parameters involved in
P xð Þ.
7.1.1. An expansion theorem

For the purpose of our study, in the forthcoming subsection,

we seek an expansion in terms of CFLPs of the form

f xð Þ ¼
X1
n¼0

anPan xð Þ; xj j < 1; a 2 ð0; 1�: ð7:5Þ

Note that the series on the right-hand side actually conver-

gences to f xð Þ providing that f xð Þ is sufficiently well behaved.
To obtain such a formula (7.5) we first establish the expansion
of xan; a 2 ð0; 1� in a series of CFLPs. The previous Proposi-

tion 7.1 tells us that any polynomial can be expanded in a ser-
ies of conformable fractional Legendre polynomials merely
because the Pan xð Þ form a simple set. The orthogonality of

the set Pan xð Þf g plays a vital role only in the determination
of coefficients. So that the expansion of xan in a series of
CFLPs is useful.

7.1.2. The expansion of xan; a 2 ð0; 1�

Theorem 7.2. For non-negative integer n and for a 2 ð0; 1� we
have the expansion of xan in terms of CFLPs in the form

xan ¼ n!

2n
Xn

2b c

k¼0

2n� 4kþ 1ð Þ
k! 3

2

� �
n�k

Pa n�2kð Þ xð Þ ð7:6Þ

Proof. Going back to (3.1) we get

X1
n¼0

Pna xð Þtna ¼ 1� 2xata þ t2að Þ�1
2

¼ 1þ t2að Þ�1
2 1� 2xata

1þt2a

 ��1
2

¼ 1þ t2að Þ�1
2
1 F0

1
2
;�; 2x

ata

1þt2a

 �
¼ 1þ t2að Þ�1

2

X1
n¼0

1
2ð Þn
n!

2xata

1þt2a

 �n
:

Therefore
dre polynomials and their convergence properties with applications, Alexandria
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X1
n¼0

1
2

� �
n
2xað Þn
n!

ta

1þ t2a

� �n

¼ 1þ t2a
� �1

2
X1
n¼0

Pna xð Þtna ð7:7Þ

Putting ta ¼ 2ua

1þ
ffiffiffiffiffiffiffiffiffiffi
1�4u2a

p , it easily follows that

1þ t2a ¼ 2

1þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� 4u2a

p and then ua ¼ ta

1þ t2a
:

Hence, Eq. (7.7) verifies

X1
n¼0

1
2

� �
n
2xað Þn
n!

uan ¼
X1
n¼0

Pna xð Þuna 2

1þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� 4u2a

p
� �nþ1

2

ð7:8Þ

Therefore we have

2

1þ
ffiffiffiffiffiffiffiffiffiffi
1�4u2a

p
h inþ1

2 ¼2F1
1
2
nþ 1

2

� �
; 1
2
nþ 3

2

� �
; nþ 3

2

� �
; 4u2a

� �
¼
X1
k¼0

1
2 nþ1

2ð Þð Þ
k

1
2 nþ3

2ð Þð Þ
k

nþ3
2ð Þ

k
k!

22ku2ak

¼
X1
k¼0

nþ1
2ð Þ

2k

nþ3
2ð Þ

k
k!
u2ak

¼
X1
k¼0

2nþ1ð Þ 1
2ð Þnþ2k

k! 3
2ð Þnþk

u2ak:

Then in view of (7.8) we obtain

X1
n¼0

1
2

� �
n
2xað Þn
n!

uan ¼
X1
n¼0

X1
k¼0

2nþ 1ð Þ 1
2

� �
nþ2k

k! 3
2

� �
nþk

Pna xð Þuðnþ2kÞa

¼
X1
n¼0

Xn
2b c

k¼0

2n� 4kþ 1ð Þ 1
2

� �
n

k! 3
2

� �
n�k

P n�2kð Þa xð Þuna:

ð7:9Þ
Equating the coefficients of uan in both sides of (7.9), we get

1
2

� �
n
2xað Þn
n!

¼
Xn

2b c

k¼0

2n� 4kþ 1ð Þ 1
2

� �
n

k! 3
2

� �
n�k

P n�2kð Þa xð Þ

Therefore,

xna ¼ n!

2n
Xn

2b c

k¼0

2n� 4kþ 1ð Þ
k! 3

2

� �
n�k

P n�2kð Þa xð Þ: �
7.1.3. The expansion of analytic functions

Theorem 7.2 can be employed to get explicit formulas for the
coefficients in the expansion of analytic functions by means of
CFLPs series. Such type of expansion theory was treated clas-

sically in several approaches, we may mention for example
[50,51]. For a general study of the theory of expansion of ana-
lytic function in terms of series of polynomials, we refer to the
works of Whittaker [52], Boas [53] and in higher dimensions

(Clifford analysis) by Abul-Ez et al. [54–56].
In usual classical calculus, Taylor’s power series representa-

tion of a function f around certain points is not always guar-

anteed, unlike the case in the theory of conformable
fractional calculus. Abdeljawad [20] introduced the fractional
power series expansion for an infinity a-differentiable func-

tions via the following fundamental result.

Theorem 7.3. Let f be an infinitely conformable fractional
differentiable function for some 0 < a 6 1 around a point x0.
Please cite this article in press as: M. Abul-Ez et al., On conformable fractional Legen
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Then f admits a Taylor conformable fractional power series

expansion as:

f xð Þ ¼
X1
k¼0

Dafð Þ kð Þ
x0ð Þ

akk!
x� x0ð Þak; x0 < x

< x0 þ R1=a;R > 0 ð7:10Þ

Here Dafð Þ kð Þ
x0ð Þ means that repeated application of the

conformable fractional derivative k times at a point x ¼ x0.

Taking x0 ¼ 0 one easily deduces the analog of a-Maclaurin
expansion in the form

f xð Þ ¼
X1
k¼0

Dafð Þ kð Þ
0ð Þ

akk!
xak; 0 < x < R1=a;R > 0; ð7:11Þ

where also Dafð Þ kð Þ
0ð Þ means that repeated application of the

conformable fractional derivative k times at a point x ¼ 0.
With the aid of the formula (7.11) and applying theorem

(7.2) attain the following.

f xð Þ ¼
X1
k¼0

Xn
2b c

k¼0

an
n!

n!

2n
2n� 4kþ 1ð Þ
k! 3

2

� �
n�k

P n�2kð Þa xð Þ
" #

:

Hence,

f xð Þ ¼
X1
k¼0

X1
k¼0

2nþ 1ð Þanþ2k

2nþ2kk! 3
2

� �
nþk

Pna xð Þ: ð7:12Þ
8. Shifted conformable fractional Legendre polynomials

(SCFLPs)

Abu Hammed and Khalil [40] considered the following con-
formable fractional Legendre differential equation

1� t2a
� �

DaDaPan tð Þ � 2ataDaPan tð Þ þ a2n nþ 1ð ÞPan tð Þ ¼ 0:

ð8:1Þ
The transformation ta ¼ 2xa � 1 gives the shifted conformable

fractional differential equation equations in the form.

xa 1� xað ÞDaDaP�
an xð Þ � 2a 2xa � 1ð ÞDaP�

an xð Þ
þ a2n nþ 1ð ÞP�

an xð Þ ¼ 0: ð8:2Þ
Note that Pan tð Þ and P�

an xð Þ represent the CFLPs and SCFLPs,

respectively. Accordingly the shifted fractional Legendre poly-
nomials of degree na, can be stated by means of recurrence

relation (5.1) as

P�
a nþ1ð Þ xð Þ ¼ 2nþ 1ð Þ 2xa � 1ð Þ

nþ 1
P�

an xð Þ

� n

nþ 1
P�

a n�1ð Þ xð Þ; n ¼ 1; 2; . . . ; ð8:3Þ

where P�
0 xð Þ ¼ 1 and P�

a xð Þ ¼ 2xa � 1ð Þ.
The analytical formula of SCFLPs of degree an will be such

that

P�
an xð Þ ¼

Xn
k¼0

�1ð Þnþk
nþ kð Þ!

n� kð Þ! k!ð Þ2 xak: ð8:4Þ

As shown previously in Theorem 7.1, the SCFLPs are orthog-

onal over ½0; 1�, hence we may write
dre polynomials and their convergence properties with applications, Alexandria
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Z 1

0

P�
an xð ÞP�

am xð Þxa�1dx ¼ 1

a 2nþ 1ð Þ dnm; ð8:5Þ

where dnm is the Kronker delta function.

Figs. 1 and 2 show graphs of SCFLPs (8.4) for various val-
ues of n and a.

Now, we are going to establish the following famous for-

mula for the SCFLPs.

8.1. Rodrigues formula for SCFLPs

It is well known that one of the basic ways to define a sequence

of orthogonal polynomials is to use their Rodrigues’ formula
[57]. If it is known, then a lot of nice properties of the polyno-
mials can be derived. That is why generalizations of these for-

mulas occupy mathematicians’ attention in last two decades,
both to define new classes of special functions and polynomials
and to include fractional order differentiation. Starting from a

Rodrigues formula for shifted Legendre polynomials, Rajko-
vić and Kiryakova [45] investigated the special functions thus
they defined. Further they studied the orthogonality property

which held only for some special cases.
According to the notation of CFD we have

Dan ¼ DaDaDa . . .Da; n-times, and due to the fact
Daxp ¼ pxp�a, the authors in [40] stated the following Rodri-

gues formula of the CFLPs Pan xð Þ in the form

Pan xð Þ ¼ 1

an2nn!
Dan x2a � 1
� �n

: ð8:6Þ

Along with the formula (8.6), the following theorem provides
the Rodrigues formula for the SCFLPs, P�

an xð Þ.

Theorem 8.1. The shifted conformable fractional Legendre

polynomials can be written in the sense of conformable derivative
as:

P�
an xð Þ ¼ 1

ann!
Dan xan xa � 1ð Þn½ �: ð8:7Þ
Fig. 1 Graph of SCFLPs with a ¼ 0:5
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Proof. Using the binomial theorem, we see

xan xa � 1ð Þn ¼ x2a � xa
� �n ¼Xn

i¼0

n!

n� ið Þ!i! x2a
� �n�i �xað Þi

¼
Xn
i¼0

�1ð Þin!
n� ið Þ!i! x

a 2n�ið Þ:

Thus, in virtue of the CFD definition we have

Dan xan xa � 1ð Þn½ � ¼
Xn
i¼0

�1ð Þin!
n� ið Þ!i!D

an xa 2n�ið Þ� �

¼ an n!ð Þ
Xn
i¼0

�1ð Þi 2n� ið Þ!
n� ið Þ!½ �2i! xa n�ið Þ:

Putting k ¼ n� i, thus yielding

Dan xan xa � 1ð Þn½ � ¼ an n!ð Þ
Xn
k¼0

�1ð Þnþk
nþ kð Þ!

k!½ �2 n� kð Þ! xak

¼ an n!ð ÞP�
an xð Þ;

where ð�1Þn�k ¼ ð�1Þnþk
. h
8.2. Applications

It is well known that orthogonal functions have a vital role in
dealing with diverse mathematical and physical problems. In
this subsection, we derive a new approximate formula of con-

formable fractional derivative based on SCFLPs. The known
spectral Legendre collocation method is established for solving
some interesting FDEs.

The idea behind the used approach (either described in the
Caputo sense or others) with Tau or collocation methods (see
[37,39,46]), is to derive a general formulation for fractional
Legendre functions and product operational matrices. These

matrices together with either Tau or collocation methods are
then utilized to simplify the solution of the proposed problem
and various values of n ¼ 1; 2; . . . ; 6.

dre polynomials and their convergence properties with applications, Alexandria
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to the solution of a system of algebraic type equations. The
proposed technique is described as follows.

In view of relation (8.4), the explicit analytical form of

SCFLPs of degree ia; a 2 ð0; 1� may be written as:

P�
ai xð Þ ¼

Xi

s¼0

bs;ix
sa; where bs;i ¼ �1ð Þsþi

iþ sð Þ!
i� sð Þ! s!ð Þ2 : ð8:8Þ

A combination of relation (2.10) and Theorem 7.1 we have the
orthogonality of the SCFLPs on ½0; 1� and therefore:Z 1

0

P�
ai xð ÞP�

aj xð Þxa�1dx ¼ 1

a 2iþ 1ð Þ dij: ð8:9Þ

Assuming y ¼ f xð Þ defined over the interval ½0; 1� has an
expansion in the form

f xð Þ ¼
X1
i¼0

aiP
�
ai xð Þ; ð8:10Þ

where ai are determined by:

ai ¼ a 2iþ 1ð Þ
Z 1

0

P�
ai xð Þf xð Þxa�1dx; i ¼ 0; 1; 2; . . . ð8:11Þ

In practice, only the first mþ 1ð Þterms of SCFLPs are consid-
ered, so that

ym xð Þ ¼
Xm
i¼0

aiP
�
ai xð Þ: ð8:12Þ

Theorem 8.2. The conformable fractional derivative of the
SCFLPs of order c > 0 can be formulated as:

DcP�
ai xð Þ ¼

Xi

s¼0

b0s;i
C asþ 1ð Þ
C as� cb cð Þx

sa�c; ð8:13Þ

where b0s;i ¼ 0 when sa 2 N0 and sa < c, on the otherwise

b0s;i ¼ bs;i.
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Proof. From the linearity of the conformable derivative see
[19,20], we have:
DcP�
ai xð Þ ¼

Xi

s¼0

bs;iD
cxas ¼

Xi

s¼0

b0s;i
C asþ 1ð Þ
C as� cb cð Þx

as�c;

where b0s;i ¼ 0 when sa 2 N0 and sa < c on the otherwise

b0s;i ¼ bs;i. h

Theorem 8.3. Suppose that ym xð Þ is an approximated function
given by means of shifted conformable fractional Legendre poly-
nomials (8.12), then we have:
Dcym xð Þ ¼
Xm
i¼0

Xi

s¼0

aiR
cð Þ
i;s x

sa�c; ð8:14Þ

where R
cð Þ
i;s ¼ b0s;i

C asþ1ð Þ
C as� cb cð Þ.

Proof. In virtue of the linearity property of the CFD and using
the result of Theorem 3.1, the proof is therefore completed. h

Now, suppose that the generalized linear multi-order con-
formable fractional differential equation is such that:

Dcy xð Þ þ
Xk
r¼1

ArD
cr y xð Þ þ Akþ1y xð Þ ¼ Akþ2g xð Þ; x 2 0; 1½ �

ð8:15Þ
with the initial conditions

y ið Þ 0ð Þ ¼ di; i ¼ 0; 1; 2; . . . ; cd e � 1; ð8:16Þ
where 0 < c1 < c2 < . . . < ck < c;Dc refers to the conformable

fractional derivative of order c; g xð Þ are known to be continu-
ous functions and di; i ¼ 0; 1; 2; . . . ; cd e � 1 are some constants.
dre polynomials and their convergence properties with applications, Alexandria
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Suppose that the conformable fraction differential Eq.
(8.15) has a solution in the form:

ym xð Þ ¼
Xm
i¼0

aiP
�
ai xð Þ ð8:17Þ

It can be easily deduced from (8.15), (8.17) and the Theo-
rem 8.3 that

Xm
i¼0

Xi

s¼0

aiR
cð Þ
i;s x

sa�c þ
Xk
r¼1

Ar

Xm
i¼0

Xi

s¼0

aiR
crð Þ
i;s xsa�cr

( )

þ Akþ1

Xm
i¼0

aiP
�
ai xð Þ ¼ Akþ2g xð Þ ð8:18Þ

Collocating Eq. (8.18) at points xp; p ¼ 1; 2; . . . ; mþ 1� cd eð Þ,
we have:

Xm
i¼0

Xi

s¼0

aiR
cð Þ
i;s x

sa�c
p þ

Xk
r¼1

Ar

Xm
i¼0

Xi

s¼0

aiR
crð Þ
i;s xsa�cr

p

( )

þ Akþ1

Xm
i¼0

aiP
�
ai xp

� � ¼ Akþ2g xp

� � ð8:19Þ

Using the roots of shifted conformable fractional Legendre
polynomials Pa mþ1� cd eð Þ, we get suitable collocation points.

Moreover by employing (8.17) into the initial conditions
(8.16), we obtain cd e-equations. This gives a linear algebraic

system consisting of mþ 1ð Þ equations in the unknowns
ai; i ¼ 0; 1; 2; . . . ;m. By solving this system, the solution of
the initial value problem (8.15) can be determined.

The above method can be employed to solve some interest-
ing fractional differential equations. For examples we have

Example 8.1 (Bagley-Torvik equation [37]). The inhomoge-
neous Bagley-Torvik initial value problem is

D2y xð Þ þD3=2y xð Þ þ y xð Þ ¼ 1þ x; x 2 ½0; 1� ð8:20Þ
with the initial assumption

y 0ð Þ ¼ 1; y0 0ð Þ ¼ 1 ð8:21Þ
The conformable fractional differential Eq. (8.20) has an

exact solution as y xð Þ ¼ 1þ x. For m ¼ 2 and a ¼ 1, we derive

the approximated analytical solution of (8.20) as follows:

y2 xð Þ ¼
X2
i¼0

aiP
�
i xð Þ ð8:22Þ

Inserting the initial conditions into Eq. (8.22) we have:

a0 � a1 þ a2 ¼ 1; 2a1 � 6a2 ¼ 1 ð8:23Þ
For the collocation point x1 ¼ 0:5 which is the root of the
SCFLPs, for a ¼ 1, Eq. (8.18) can be written as

a0 þ 19:985281374238571a2 ¼ 1:5 ð8:24Þ
From (8.23) and (8.24) we have:

a0 ¼ 3=2; a1 ¼ 1=2; a2 ¼ 0 ð8:25Þ
Therefore, the obtained solution is y xð Þ ¼ a0P

�
0 xð Þ þ a1P

�
1 xð Þþ

a2P
�
2 xð Þ ¼ 1þ x which represents the exact solution of (8.20).

Example 8.2 [46]. Suppose that we have the following initial

value problem with variable coefficients
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D3=2y xð Þ þ 2y0 xð Þ þ 3
ffiffiffi
x

p
D1=2y xð Þ þ 1� xð Þy xð Þ

¼ 2
ffiffiffi
x

p þ 4xþ 7x2 � x3; x 2 ½0; 1� ð8:26Þ
with the primary conditions

y 0ð Þ ¼ 0; y0 0ð Þ ¼ 0 ð8:27Þ
Eq. (8.26) has an exact solution in the form y xð Þ ¼ x2.

For m ¼ 2 and a ¼ 1, we obtain the approximated analyti-
cal solution of (8.26) as follows:

y2 xð Þ ¼
X2
i¼0

aiP
�
i xð Þ ð8:28Þ

Substituting the initial conditions into Eq. (8.28) we have:

a0 � a1 þ a2 ¼ 0; 2a1 � 6a2 ¼ 0 ð8:29Þ
For the collocation point x1 ¼ 0:5 which represent the
root of the SCFLPs, P�

1 xð Þ and for a ¼ 1, Eq. (8.18) can be

written as

1

2
a0 þ 7a1 þ 8:235281374238571a2

¼ 5:039213562373095 ð8:30Þ
From (8.29) and (8.30) we have:

a0 ¼ 1=3; a1 ¼ 1=2; a2 ¼ 1=6 ð8:31Þ
Therefore, we have y xð Þ ¼ a0P

�
0 xð Þ þ a1P

�
1 xð Þ þ a2P

�
2 xð Þ ¼ x2

which is in fact the exact solution of Eq. (8.26).

Example 8.3. Let the initial value problem with variable

coefficients be such that

D1=2y xð Þ þ ffiffiffi
x

p
y xð Þ ¼ 1þ 2x; x 2 ½0; 1� ð8:32Þ

with the initial condition

y 0ð Þ ¼ 0 ð8:33Þ
Consequently, we infer that the exact solution in the form

y xð Þ ¼ 2
ffiffiffi
x

p
.

For m ¼ 1 and a ¼ 1=2, we get the approximated analytical

solution of Eq. (8.32) in the form:

y1 xð Þ ¼
X1
i¼0

aiP
i�
1
2ð Þ xð Þ ¼ a0P

�
0 xð Þ þ a1P

�
1
2ð Þ xð Þ ð8:34Þ

Substituting the initial condition into (8.34) we have:

a0 � a1 ¼ 0 ð8:35Þ
For the collocation point x1 ¼ 0:25 which is the root of the

shifted conformable fractional Legendre polynomials

P�
1
2ð Þ xð Þ ¼ 2x 1=2ð Þ � 1, Eq. (8.18) is given by

1

2
a0 þ a1 ¼ 3

2
ð8:36Þ

From (8.35) and (8.36) we have a0 ¼ 1; a1 ¼ 1. Therefore the

resulted solution is y xð Þ ¼ a0P
�
0 xð Þ þ a1P

�
1
2ð Þ xð Þ ¼ 2

ffiffiffi
x

p
which

is the exact solution of (8.32).

Remark 8.1. The problem (8.32) is newly presented with more

general assumption since we consider a ¼ 1
2
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Example 8.4. Consider the following conformable differential

equation

Dcyþ y2 ¼ xþ x2cþ2

cþ 1ð Þ2 ; 0 < c 6 1; 0 < x 6 1; ð8:37Þ

with initial condition

y 0ð Þ ¼ 0 ð8:38Þ

The CFDE (8.37) has an exact solution as y xð Þ ¼ xcþ1

cþ1ð Þ.

For m ¼ 5 and c ¼ a, we have computed the approximate
solution of this problem for the values of
c ¼ 0:5; 0:7; 0:85; 0:9; 1.

Fig. 3. indicates the approximate solution of (8.37) for
m ¼ 5 with different values of c ¼ a ¼ 0:5; 0:7; 0:85; 0:9; 1.
Table 1 presents the absolute error corresponding to our

approximate solution for c ¼ 0:5; 0:7; 0:85; 0:9; 1. The absolute
error is the absolute value of the difference between the exact
solution and approximate solution.
Fig. 3 The behavior of the approximate solution for E

Table 1 Absolute errors for Example 8.4 with m ¼ 5 and various v

x c ¼ 0:2 c ¼ 0:5 c

0 1:02869102:10�15 1:10�15 9:

0:1 7:00811596:10�5 5:174404457:10�17 2:

0:2 4:19620942:10�4 3:33747416:10�16 1:

0:3 4:43674929:10�4 3:41201434:10�16 6:

0:4 2:36661032:10�4 1:33379565:10�16 6:

0:5 4:05487042:10�5 1:39610306:10�16 4:

0:6 2:84859069:10�4 3:580536:10�16 6:

0:7 4:28091944:10�4 4:2588313:10�16 5:

0:8 4:23657773:10�4 2:6438921:10�16 1:

0:9 2:38890947:10�4 1:9223848:10�16 3:

1 1:49538984:10�4 1:10�15 1:

Please cite this article in press as: M. Abul-Ez et al., On conformable fractional Legen
Eng. J. (2020), https://doi.org/10.1016/j.aej.2020.09.052
Remark 8.2. It should be observed that the approach used

here is somewhat different from that one given in [46]. This is
because we consider fractional Legendre polynomials of order
a 2 ð0; 1�, while the account given in [46] was a ¼ 1.
9. Conclusion and closing remarks

There are many definitions of the fractional derivatives. One of
the most recent ones is the conformable fractional derivative.
Accordingly, the main goal of this work is to study con-

formable fractional Legendre polynomials, which appear in
many different areas of mathematics and physics. The materi-
als developed in Sections 3–7 provide important properties of

these conformable fractional Legendre polynomials. First, we
laid down the conformable fractional Legendre polynomials
via different generating functions to provide tools to study
their main mathematical and convergence properties. Further-

more, we continue the work initiated by [40] concerning con-
formable fractional Legendre polynomials for which we
established orthogonality property with related applications.
xample 8.4 with m ¼ 5 and various values of c ¼ a.

alues of c ¼ a.

¼ 0:7 c ¼ 0:9 c ¼ 1

7486038:10�16 9:9345445:10�16 6:1802326:10�18

8165106:10�5 5:8459712:10�5 7:7733461:10�12

673625:10�6 2:087793:10�4 3:8150419:10�11

0026708:10�5 3:7949419:10�4 2:3995128:10�11

9573029:10�5 4:7183226:10�4 3:7036125:10�11

0365405:10�5 4:7109846:10�4 7:3354364:10�11

1934738:10�6 4:1516712:10�4 2:3578125:10�11

2204782:10�6 3:5822439:10�4 9:4873153:10�11

2968829:10�5 3:37943989:10�4 1:1718573:10�10

8991733:10�5 3:46449229:10�4 3:374418:10�10

8347644:10�5 3:04456094:10�4 1:934392:10�9
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Over the last years, fractional differential equations were
the focus of intense research due to their importance in the
modeling of several physical phenomena from different areas

of science and engineering.
The present paper, as the SCFLPs and their fundamental

properties together with the collocation method are provided,

gives a way to solve some interesting fractional differential
equations subjected to specific initial conditions. Noting that
the fractional derivatives are described in the conformable

sense. The truncated Legendre series is taken into account,
from which the solutions for arbitrary independent variables
can be easily given. The validity and applicability of the pre-
sented technique are examined through the given examples.

We derive exact solutions of some examples with a finite num-
ber of terms. We believe that the prescribed scheme can be
applied to boundary value problems for CFDEs and extended

to conformable fractional partial differential equations. They
can be applied to get numerical solutions of the CFDEs via
SCFLPs to support our obtained results. It should be observed

that the authors in [39] constructed fractional- order Legendre
functions to obtain solutions of some fractional- order differ-
ential equations. Their techniques depending on adapting

Caputo’s definition by using Riemann-Liouville fractional
integral operator and the Tau method is involved. Their results
generalized those given in [37] to the fractional setting.

Along with the technique used in [39], we reformulate the

obtained results given in [46] to the context of conformable
fractional derivatives. In fact, conformable fractional differen-
tial equations are solved using the collocation method depend-

ing on the SCFLPs.
It is worth mentioning that during the process of submitting

this paper, the very recent work of El-Ajou [21] has just

appeared to release a modified construction of conformable
fractional calculus. This modification promises new results.
Also, this modification will pave the way to find a physical

meaning of these modified definitions in various fields of
applied sciences. Moreover, one may expect to look for the
solution of conformable space-time fractional wave equations
in the context of CFLPs. Looking forward to such develop-

ment in the forthcoming work.
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